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Brief Overview: My research interest lies at the borderline of Algebraic Geometry and
Commutative Algebra. Algebraic Geometry is the study of geometric objects that arise as
solutions of certain polynomial equations. These objects are known as algebraic varieties.
For example, as a polynomial equation over field of real numbers, R, x2 +y2 = 1 has the unit
circle in R2 as its solution. I mostly work in an algebraically closed field of characteristic
0. Commutative algebra helps us study the algebraic structures closely associated with the
geometric objects. If we have an algebraic variety, a lot of its description comes from the
study of functions that are regular on it. These objects form an algebraic structure called a
ring : the substructure consisting of all polynomials vanishing on this algebraic variety up to
a radical form an ideal. My motivation behind working in commutative algebra and algebraic
geometry is the urge to understand the algebraic language containing rich information about
the deep, intricate complexities of geometric objects.
Here are the problems I work on and future directions of my research.

1. a∗-Invariant and Regularity of Powers of Ideals

Introduction: Given a homogeneous ideal I in a standard graded algebraR, the Castelnuovo-
Mumford regularity of I, is defined to be

reg(I) = max{j − i|βi,j(I) 6= 0},

where βi,j(I) is the (i, j)-graded Betti number. Regularity is a measure of complexity of an
ideal (finitely generated module over a ring R in general). Defined originally by D. Mumford
[25] in terms of vanishing of sheaf cohomology groups on a scheme, it has been an area of
great activity among algebraists over the years. Regularity has found many applications in
other areas of math such as combinatorics, graph theory etc.

Motivation: In 1999, V. Kodiyalam [17] and S.D. Cutkosky, J. Herzog and N.V. Trung
[18], proved a path breaking result which showed that the regularity of powers of ideals is
asymptotically a linear function. For an ideal I, there exists constants a, b, such that

reg(Iq) = aq + b

for q >> 0. More recent work which addresses the minimum power starting from which
reg(Iq) is a linear function is due to M. Chardin [33] A closely related invariant is the a∗-
invariant defined as follows: Let M be a finitely generated module over a standard graded
algebra R, with its positive graded part R+ = ⊕n>0Rn, for i ≥ 0, ai(M), the i-th a-invariant
of M is defined to be

ai(M) =

{
sup{n ∈ Z|[H i

R+
(M)]n 6= 0} H i

R+
(M) 6= 0

−∞ otherwise

where H i
R+

(M) is the graded local cohomology module of M .
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The a∗-invariant and regularity of M are defined as follows:

a∗(M) = max
i≥0
{ai(M)} and reg(M) = max

i≥0
{ai(M) + i}

A statement of asymptotic linearity for a∗-invariant was proved by M. Chardin [31], my
advisor H.T. Hà in [26].
In my PhD Thesis, I answer the following question on the set-up described below:

Question 1. What is the minimum integer q, such that for all n ≥ q, reg(In) and a∗(In)
are a linear function?

In a joint work [13] with fellow Ph.D student S. Bisui, my advisor H.T. Hà, I develop a fiber
version of a∗-invariant for a sheaf of graded modules over a projective morphism of schemes.
We worked on the set-up given below.

Definitions: Let X be a scheme and let R be a sheaf of finitely generated graded OX-
algebras. Let Y = Proj(R) and π : Y → X be the resulting projective morphism. Let F be
a coherent sheaf on Y . Then we define the fiber a-invariants and regularity of F over the
morphism π as follows: Let p ∈ X and i ≥ 0. The i-th local a-invariant and regularity of F
at p is defined to be

aip(F) = ai(FSpec(OX,p)) and regp(F) = reg(FSpec(OX,p)).

Here, Spec(OX,p) = U is an open neighborhood of p ∈ X and FSpec(OX,p) is the module of
sections Γ(U = Spec(OX,p),F|U). The fiber a-invariants and regularity of F at p is defined
to be

aiπ(F) = sup
p∈X
{aip(F)}, a∗π(F) = max

i≥0
{aiπ(F)}

regπ(F) = sup
p∈X
{regp(F)}, regπ(F) = max

i≥0
{aiπ(F) + i}

Set-up 1. Let A be a standard graded algebra over a ring A0, and let I ⊆ A be a homoge-
neous ideal generated by (m+1) forms {f0, . . . , fm} of degree d > 0. Let X = Proj(A) ⊆ PnA0

and let ψ : X → PmA0
be the rational map defined by x→ [f0(x) : · · · : fm(x)]. Let X be the

closure of image of ψ. Then, X = Proj(A0[f0t, . . . , fmt]). Let X̃ ⊆ PnA0
× PmA0

be the closure

of the graph of ψ, π : X̃ → X and φ : X̃ → X be the natural projection maps.

Remark: Denote by R = A[It], the Rees algebra of I. R is naturally equipped with a bi-
graded structure given by setting degR(x) = (degA(x), 0) for all x ∈ A and degR(fit) = (d, 1)
for all i = 0, . . . ,m. That is, R = ⊕p,q∈ZR(p,q), where R(p,q) = (Iq)p+dqt

q. X̃ ∼= Bi-Proj(R)

and π : X̃ → X is the blow up morphism of X along the ideal sheaf of I. For p, q ∈ Z,
let R(∗,q) = ⊕p′∈ZR(p′,q) and R(p,∗) = ⊕q′∈ZR(p,q′). then, these give R natural Z-graded
structure as an algebra over A = R(∗,0) and over B = A0[f0t, . . . , fmt] = R(0,∗), respectively.
Since, R(∗,q) is a graded A-module, and R(p,∗) is a graded B-module, we can construct

coherent sheaves associated to R(∗,q) and R(p,∗) on X and X, respectively. For convenience,
we denote a∗π and regπ for a∗π(OX̃) and regπ(OX̃) respectively and similarly, a∗φ(OX̃) = a∗φ
and regφ(OX̃) = regφ.

Here are the main results we proved.

Theorem 1. Assume the above set up. Then
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(1) For all q > max{a∗π, a∗(R(a∗+1,∗))}, we have

a∗(Iq) ≤ dq + a∗φ

(2) For all q ≥ max{a∗π + 1, reg(R̃(a∗,∗)), regφ∗(OX̃(a∗φ, 0))}, we have

a∗(Iq) ≥ dq + a∗φ

In particular, staba(I) ≤ max{a∗π + 1, a∗(R(a∗+1,∗)) + 1, reg(R̃(a∗,∗)), regφ∗(OX̃(a∗φ, 0))}, where
staba(I) = min{n | a∗(Iq) = dq + a∗φ ∀ q ≥ n}
Using Macaulay 2 [32] software, we computed invariants of this example in order to show
that the bounds we obtain in the main theorem and corollary are sharp.

Example 1. Let A = k[x, y] and let I = (x7, x6y, x4y3, x3y4, xy6, y7), for q ≥ 2, Iq = (x, y)7q.
Hence,

reg(Iq) = a∗(q) + 1 =

{
8 if q = 1

7q if q ≥ 2

a∗(R(0,∗) = 1, R(−1,∗) = 0, and regφ∗(OX̃(−1,0))} = 1

2. Containment, Non-containment, Equality of Symbolic and Ordinary Powers

Symbolic powers of Ideals

Introduction: Ordinary powers of an ideal I ⊆ R in a Noetherian ring R, its algebraic
invariants and properties such as its depth function, regularity, Cohen-Macaulayness have
been an active area of research among algebraists. Slightly more subtle, yet geometrically
more intuitive, are the symbolic powers of I. For n ∈ N, the n-th symbolic power of I is
defined to be I(n) = (

⋂
p∈Ass(I) I

nRp) ∩ R, where the first intersection is over all associated
primes of the ideal I.

Motivation: For a radical ideal I, a celebrated result of Zariski-Nagata says that the poly-
nomials in I(n) correspond precisely to those which vanish on each point of the vanishing
set of the ideal I, with multiplicity at least n ∈ N. Another description of symbolic powers
comes from the primary decomposition of ideals in a Noetherian ring. Given a primary
decomposition of power of an ideal Im, symbolic power I(m) corresponds to the intersection
of only the minimal primary components. In particular, if I ⊆ k[x0, .., xN ] is a radical ideal
of points {p1, . . . , ps} ⊆ PNk , then for all m ≥ 1, I(m) = I(p1)

m ∩ · · · ∩ I(ps)
m, where I(pi) is

the prime ideal defining the point pi ∈ PNk , 1 ≤ i ≤ s. Among many research topics, two of
the conjectures that symbolic powers of ideals play an important role is,

Conjecture 1. (Chudnovsky) For an ideal I ⊆ k[x0, . . . , xN ], defining finite set of points in
the projective space PNk , for all m ∈ N , the following inequality holds.

α(I(m))

m
≥ α(I) +N − 1

N

Chudnovsky’s conjecture is equivalent to the well defined quantity

ν(I) = lim
m→∞

α(I(m))

m
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known as Waldschmidt constant being at least α(I)+N−1
N

.
A conjecture, which if true, implies Chudnovsky conjecture and a topic of research interest
in its own right is the following:

Conjecture 2. (Harbourne-Huneke) IfX is a finite set of points in PNk with IX ⊆ k[x0, . . . , xN ]
its defining ideal, where k is any field, then for all m ≥ 1,

(1) I
(Nm)
X ⊆Mm(N−1)ImX ,

where M = (x0, . . . , xN) is the homogeneous maximal ideal of R = k[x0, . . . , xN ].

Harbourne and Huneke proved their conjecture for general points in P2
k and when the points

form a star configuration in PNk . The conjecture was proved for any finite set of general
points in P3

k, where k is a field of characteristic 0 [6]. In the same paper, the conjecture was
proved for at most N + 1 points in general position in PNk .

This motivates me to work on ideal containment problems in general.

Question 2. Which symbolic powers are contained in a given ordinary power of an ideal I?
That is, for what pairs {m, r} ⊆ N, m ≥ r, does I(m) ⊆ Ir hold.

Approach: L. Ein, R. Lazarsfeld, K.E. Smith [16], M. Hochster, C. Huneke [2], and L. Ma,
K. Schwede [30], prove that in regular rings R, if the big height (maximum of the height of
all associated primes of I) of ideal I is N > 0, then I(Nr) ⊆ Ir holds for all r ≥ 1.
A quantity that measures the non-containment was defined by Bocci-Harbourne in their
paper [1], known as resurgence of ideal I,

ρ(I) = sup{m
r

: m, r ∈ N, I(m) * Ir}.

Note that we have ρ(I) ≤ c, for an ideal I of big height c > 0, due to [16], [2], [30].

In general it is very difficult to compute ρ(I) because of the unpredictable nature of sym-
bolic powers. In the famous paper of Bocci and Harbourne [1], Resurgence of ideal defining
star configurations in projective space was computed [1]. In the paper [24], E. Guardo, B.
Harbourne, A. Van Tuyl define asymptotic resurgence to be

ρa(I) = sup{m
r

: m, r ∈ N, I(mt) * Irt for t >> 0}

Another asymptotic version of resurgence defined in the paper [24] is

ρ′a(I) = lim sup
t→∞

ρ(I, t)

where ρ(I, t) = sup{m
r

: I(m) * Ir,m ≥ t, r ≥ t} and show a very elegant method of
computing asymptotic resurgence of small number of positive dimensional linear subspaces
in a projective space. M. Dipasquale, C. Francisco, J. Mermin, J. Schweig in [23], define

ρ(I) = sup{m
r

: m, r ∈ N, I(m) * Ir} and ρa(I) = {m
r

: m, r ∈ N, I(mt) * Irt for t >> 0}

where I is the integral closure of the ideal I.
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2.1. Resurgence and Asymptotic resurgence of Ideals defining Fiber product of
Schemes

Motivation: Sums of ideals coming from different polynomial rings appear naturally in
many contexts. If X ⊆ Pnk is a variety defined by I ⊆ k[x0, . . . , xn] = A and Y ⊆ Pmk is
defined by J ⊆ k[y0, . . . , ym] = B, then the fiber product X ×k Y has its defining ideal
I +J ⊆ A⊗kB. T. Hà, H.D. Nguyen, N.V. Trung, T.N. Trung in [12], give a very beautiful
expression for symbolic powers of sums of homogeneous ideals in different polynomial rings.
This result made us realise that there should be a way to estimate ρ(I + J) in terms of ρ(I)
and ρ(J), where I + J is the ideal in A⊗k B and I ⊆ A, J ⊆ B.

Question 3. Can we estimate ρ(I + J) in terms of {ρ(I), ρ(J)}?

Question 4. What can we say about ρa(I + J) in terms of ρa(I), ρa(J)?

Question 5. Can there exist a family of ideals (possibly defining a scheme in multi projective
space) such that its asymptotic resurgence stays the same while the resurgence could strictly
increase.

In a joint work with S. Bisui, H.T. Hà, A.V Jayanthan [15], we addressed these questions.
Our main results are the following:

Theorem 2. Let I ⊆ A, J ⊆ B be nonzero proper homogeneous ideals. Let I + J be the
sum of extensions of I and J in the ring A⊗B. Then we have,

ρ(I) + ρ(J) ≥ ρ(I + J) ≥ max{ρ(I), ρ(J)}.

Theorem 3. Let I ⊆ A, J ⊆ B be nonzero proper homogeneous ideals. Let I + J be the
sum of extensions of I and J in the ring A⊗B. Then we have,

ρa(I + J) = ρa(I + J) = ρ(I + J) = max{ρa(I), ρa(J)}.

Theorem 4. There exists a finite set of points X ⊆ P2
k, such that if I

[d]
X defines the d- fold

fiber product of X, embedded in the multi-projective space P2
k ×k ..×k P2

k (d times), then

ρa(I
[d]
X ) = ρa(IX) and ρ(IX) < ρ(I

[d]
X ).

Motivated by the results we proved in [15], I am working on the following questions:

Question 6. Are the bounds for ρ(I + J) obtained in [15] sharp?

Question 7. For ideals I ⊆ A, J ⊆ B in different polynomial rings. Can we estimate
ρ(I ∩ J) in terms of ρ(I), ρ(J).

For homogeneous radical ideals in different polynomial rings, I have proved the following
result.

Theorem 5. For I ⊆ A, J ⊆ B nonzero proper homogeneous radical ideals in different
polynomial rings, we have

min{ρ(I), ρ(J)} ≤ ρ(I ∩ J) ≤ max{ρ(I), ρ(J)}
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Motivation: Although explicit computations of Symbolic powers in general is difficult, it
is fascinating to discover how the algebraic properties of graded Algebras associated to the
ideal I, such as the Rees Algebra R(I) =

⊕
n≥0 I

ntn ⊆ R[t], the Symbolic Rees Algebra

Rs(I) =
⊕

n≥0 I
(n)tn, the associated graded ring gr(I, R) =

⊕
n≥0

In

In+1 contain information
on containment/non-containment of symbolic and ordinary powers. An example due to
M. Hochster, is in the paper [28], it is shown that for a prime ideal P ⊆ R, If RP is a
regular local ring then P (n) = P n for all n ≥ 1 if and only if gr(p,R) is a domain. Another
property of interest is the Noetherianess of Rs(I) =

⊕
n≥0 I

(n)tn. Works of [19],[27] which
give numerical and algebraic criterion for certain symbolic powers to lie in certain ordinary
powers has fascinated me a lot.

Question 8. Find examples of ideals I whose symbolic power and I-adic topologies are
linearly equivalent, using this equivalence, estimate ρ(I).[27].

3. Future research directions

Chudnovsky’s Conjecture

Question 9. Given a finite set of points in an n-dimensional projective space over an alge-
braically closed field k of characteristic 0, Pnk , what can we say about the least degree of a
non-zero homogeneous polynomial vanishing through these points with multiplicity at least
m ∈ N?.

Answer: Least degree of a non-zero polynomial in the ideal I(m), which we denote by
α(I(m)), where I is the defining ideal of points and I(m) is its m-th symbolic power.
This question plays a crucial role in the proof of Nagata’s counter-examples to Hilbert’s
fourteenth problem [8]. In the same paper, Nagata conjectured that α(I(m)) > m

√
n for

all m ≥ 1, where I is an ideal of n general points in the projective plane over the field of
complex numbers, P2

C.

The Harbourne-Huneke conjecture and hence Chudnovsky’s conjecture has been known for
the following cases.

• Any finite set of points in P2
k [9]

• Any finite set of general points in P3
k [6]

• Any set of at most N + 1 points in PNk [6]
• Any set of binomial number of points in PNk forming a star configuration [1].

Introduction: In 1948, W. Krull in his famous work [11], introduced the idea of parameter
specialization of ideals in a polynomial ring. By transcendentally extending an algebraically
closed field, k, by finite number of indeterminates, z = {z1, . . . , zn}, it is shown how al-
gebraic operations on ideals in k(z)[x] = k(z1, . . . , zn)[x0, . . . , xm] such as sum of ideals,
colon ideals, product of ideals behave with respect to the specialization (substituting z
→ λ = (λ1, . . . , λn) ∈ kn). For IX(z) ⊆ k(z1, . . . , zn)[x0, . . . , xm], specialization of IX(z) is
defined to be the ideal

Iλ = {f(λ, x) : f(z, x) ∈ IX(z) ∩ k[z, x]} ⊆ k[x]

That is to parametrize schemes of interest using the indeterminates, and check by special-
izing these parameters with a specific value in An

k whether the desirable properties of the
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original ideal holds after specialization. For ’almost all’ λ = (λ1, . . . , λn) ∈ An
k (there exist

a dense Zariski open set U ⊆ An
k such that for all λ ∈ U ), it is shown that the ’desirable

properties’ are preserved.

Motivation: An application of specialization that was a breakthrough in algebraic geome-
try appeared in A Siedenberg’s work [14], in which it was shown that almost all hyperplane
sections of a normal variety are normal under certain conditions. A more algebraic applica-
tion [4] was due to N. Nhi and Trung, in which specialization of arbitrary finitely generated
R-module (R is a Noetherian ring) is defined and preservation of basic operations on modules
at specialization is shown. The compatability of their definition with A. Seidenberg’s defini-
tion of specialization of submodules of free R-modules of finite rank shows how remarkable
an idea this is.

Continuation from Thesis: In 2016, L. Fouli, P. Mantero, Y. Xie in their paper [3] us-
ing specialization showed that Chudnovsky’s conjecture holds for any finite set of very general
points in PNk (specialization by points in the intersection of infinitely many open sets in An

k).
To be able to go from any finite set of very general to general points in PNk , I am working
on answering the following questions:

Question 10. For an ideal IX(z) ⊆ k(z)[x], is ρ(IX(z)) = ρ(Iλ) for almost all λ ∈ An
k .

Question 11. Under what conditions on an ideal IX(z) ⊆ k(z)[x], does it suffice to check only

finitely many pairs {m, r} ∈ N, for which I
(m)
X(z) * IrX(z) holds in order to compute ρ(IX(z)).

4. New Areas and New Problems

Few of the problems I wish to work on in the near future are given below.

• A problem I would like to work on is about the behaviour of associated primes of
powers of ideals defining positive dimensional schemes. As is well known, associated
primes of powers of ideals In stabilize for n >> 0. Finding the index of stability is of
great interest to me. This would be helpful in determining whether symbolic power
and ordinary power eventually coincide. An inspiration to this problem is S. Morey’s
work [22].
• An important function associated to a scheme is the Hilbert function of its defining

ideal. In [20], the following question was asked. Fix a Hilbert function h of an ideal
of reduced points Z ⊆ P2

k. What can be said about all the Hilbert function of all
the double point schemes (2Z) whose support has Hilbert function h? For any finite
number of points lying on a conic (in P2

k), for r ≤ 8 general points {p1, . . . , pr} ⊆ P2
k,

[21] classifies all possible Hilbert functions of fat point schemes {m1p1 + · · ·+mrpr}
regardless of multiplicities {m1, . . . ,mr} ∈ N.

In future, I wish to research on homological aspects of commutative algebra and algebraic
geometry.
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